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Quantum model of gain in phonon-polariton lasers
M. Franckie´,∗ C. Ndebeka-Bandou, K. Ohtani, and J. Faist
Institute for Quantum Electronics, ETH Zurich, Auguste-Piccard-Hof 1, 8093 Zurich, Switzerland
We develop a quantum model for the calculation of the gain of phonon-polariton intersubband
lasers. The polaritonic gain arises from the interaction between electrons confined in a quantum
well structure and phonons confined in one layer of the material. Our theoretical approach is based
on expressing the resonant matter excitations (intersubband electrons and phonons) in terms of
polarization densities in second quantization, and treating all non-resonant polarizations with an
effective dielectric function. The interaction between the electronic and phononic polarizations is
treated perturbatively, and gives rise to stimulated emission of polartions in the case of inverted
subbands. Our model provides a complete physical insight of the system and allows to determine
the phonon and photon fraction of the laser gain. Moreover, it can be applied and extended to
any type of designs and material systems, offering a wide set of possibilities for the optimization of
future phonon-polariton lasers.
I. INTRODUCTION
A polariton1 is a composite excitation arising from the
coupling of light with a material excitation. As such, po-
laritons are exhibiting properties that are inherited from
their two original constituents and can be tailored over
a large range through the strength of the light-matter
coupling. Polaritons can be seen as forced to interact
through their matter part, while the photons will carry
the imprint of the coherence properties, enabling their
measurement in the far-field using photodetectors. For
well-chosen experimental parameters, the polaritons ex-
hibit features of a quantum fluid whose properties have
attracted a lot of attention recently.2
While much attention has been given to exciton-
polaritons and their properties in the visible,1,3–6 the
study of polaritons in the mid-infrared portion of the
spectrum has also some unique features.7–9 The coupling
between an intersubband electronic system and longitu-
dinal optical (LO) phonons was described recently as
an intersubband polaron,10 and the coupling between
an intersubband system and light, called an intersub-
band (or cavity) polariton,11,12 was theoretically investi-
gated in the Power-Zienau-Woolley (PZW) gauge13,14 by
Todorov et al. in Ref. 15. In addition, the light can res-
onantly couple to transverse optical (TO) phonons form-
ing phonon-polaritons,16 which have mostly been stud-
ied at the surface of polarizable materials,17,18 and re-
cently also in the bulk using classical theory.19–21 The
strong coupling properties have also been observed ex-
perimentally and described using a dielectric function
approach.22
As shown schematically in Fig. 1, when the cavity
and the intersubband transitions are chosen to be en-
ergetically resonant with a mechanical resonance of the
semiconductor lattice, a unique tripartite coupling can
be achieved. For large electron concentrations and in
thermal equilibrium, the resulting polaritonic dispersion
arises due to the coupling of light to both excitations. An
interesting feature of the intersubband system is that it
can be electrically excited, providing optical gain. Solid
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FIG. 1. (Color online) Scheme of the three interactions in-
volved in the lasing process of a phonon-polariton laser. The
red arrow symbolizes the strong coupling between the cavity
modes and the TO phonon modes that creates the phonon-
polariton. The green arrow symbolizes the weak interaction
between the phonon-polariton and the ISB transitions that
generates the laser gain.
state phonon lasers were proposed23 and analysed us-
ing either a pure phononic gain24 or using an electronic
Raman approach.25 In contrast, we present a fully quan-
tized model that treat both the photons and phonons,
as well as the inter-subband system on an equal footing,
in the PZW gauge. This allows us to account for the
spatial variation of the material optical response, as the
phonon polarization is spatially confined. We thus fully
account for the tripartite coupling, albeit using a basis
of phonon-polaritons, since the photon-phonon coupling
is the stronger one. In this basis, the rate of stimulated
emission of phonon-polaritons from inter-subband exci-
tations, is derived in first order perturbation theory. We
also provide computational examples for a resonant tun-
nelling diode (RTD) and a quantum cascade laser (QCL),
where the phonon-polaritons are confined to potential
barriers in the conduction band profile. However, the
theory can easily be expanded to account for arbitrary
2D heterostructures, as well as other material excitations
provided their quantized polarization.
2This paper is organized as follows: In section II we
derive the classical Hamiltonian for oscillating polariza-
tion densities in the presence of a time-dependent electro-
magnetic field as the starting point of our quantum for-
mulation. Then, we quantize this Hamiltonian in sec-
tion III by introducing the polarization density opera-
tors for the intersubband system (Sec. IV) and the rel-
evant phonon excitations (Sec. V), in second quantiza-
tion. In Sec. VI, we derive the interaction Hamiltonian
for the phonon and photon fields, which is then diagonal-
ized to give the phonon-polariton creation-annihilation
operators and dispersion relation. Finally, in Sec. VII
we describe the polariton-ISB interaction responsible for
the polartion gain and provide computational examples
of the model in Sec. VIII.
II. CLASSICAL FORMULATION
The starting point for our model is the Lagrangian
density26
L = ε0
2
(
A˙+∇φ
)2
− 1
2µ0
(∇×A)2
+
∑
i
(
1
2χi
P˙
2
i −
ω2i
2χi
P
2
i −Pi(A˙+∇φ)
)
(1)
for a polarization Pi in vacuum, represented by a sum of
harmonic oscillators with eigenfrequency ωi and ”mass”
χi, under the application of an electro-magnetic field with
vector and scalar potentials A and φ . The last term
accounts for the electric potential energy stored in the
”springs” of the oscillators. This leads to the Hamilto-
nian
H =
∫
d3r
[ 1
2ε0
D
2 +
1
2µ0
(∇×A)2 + 1
2
∑
i6=j
PiPj (2)
+
∑
i


(
ω2i
2χi
+
1
2ε0
)
︸ ︷︷ ︸
ω′i/2χi
P
2
i +
1
2χi
P˙
2
i −
1
ε0
D ·Pi


]
,
where D = −ε0(A˙+∇φ)+
∑
iPi is the electric displace-
ment field satisfying ∇ · D = 0. Here, the frequencies
(ω′i)
2 = ω2i + ω
2
P,i of the oscillators are shifted by the
plasma frequency ω2P,i =
χi
ε0
with respect to the bare me-
chanical frequency of Eq. (1). We shall consider only a
few polarization terms, namely those coming from TO
phonons and the electrons confined in the conduction
band. We thus treat all non-resonant oscillators with
an effective dielectric constant defined by
D = ε0E+
∑
i∈b.
Pi +
∑
i∈e,L
Pi ≡ εrε0E+
∑
i∈e,L
Pi (3)
where the first sum is over the background (b), and the
second over the ISB (e) and the resonant lattice (L) po-
larizations. Assuming Pi∈b oscillate at the cavity fre-
quency ω,
εr = 1 +
∑
i∈b
χi
ε0(ω2i − ω2)
. (4)
Considering only the background, the Hamiltonian reads
Hb =
∫
d3r
(
1
2
E ·D+ 1
2
B ·H
)
+Hmat (5)
=
∫
d3r
(
1
2ε0εr(z)
D
2 +
µ0
2
H
2
)
+Hmat, (6)
where ∇×A = B = µ0H and we assumed in Eq. (1) that
there are no magnetic moments in the system. Hmat con-
tains all terms of Eq. (2) which contain the background
matter polarizations Pi only. Physically, this term con-
tains the energy contribution of all the crystal ions, and
will not affect the following theory where the we treat
the conduction band electrons in the envelope function
approximation. We will thus suppress this term from
now on. Adding the special polarizations
∑
i∈e,LPi, not
included in εr, we find
H =
∫
d3r
(
1
2ε0εr
D
2 +
µ0
2
H
2
)
+
+
1
ε0εr
∫
d3r

− ∑
i∈e,L
D ·Pi + 1
2
∑
(ij)∈e,L
PiPj


+
∫
d3r
∑
i∈e,L
1
2χi
(
ω2iP
2
i + P˙
2
i
)
. (7)
This Hamiltonian resembles the one of Ref. 15. We will
use Eq. (7) and diagonalize the terms in the quantized
Hamiltonian containing PL only in Sec. VI. We also note
that in a heterostructure, εr = εr(z, ω) will acquire a z-
dependence which in principle has to be considered when
performing the volume integral.
The background dielectric function εr results from
both inter-atomic polarizations and bound electrons. In
addition, electrons in quantum states spatially separated
from the resonant phonon polarization may give a small
contribution. We will assume that εr is close to the bulk
values of the constituent materials, why we will later set
εr = ε∞ of the bulk well material.
III. QUANTUM FORMULATION
In order to quantize the system, we write down the
quantized version of the Hamiltonian (7) as
Hˆ = Hˆrad + HˆL + Hˆe + Hˆint, (8)
where the radiation in the cavity is written in second
quantization as
Hˆrad =
∑
q
~ωcav,q
(
a†qaq +
1
2
)
. (9)
3For the cavity modes, we use the quantized displacement
field of the TM mode in the PZW gauge (see e. g. Ref. 27)
Dˆz(R) = i
∑
q
√
εrε0~ωopt,q
2SLcav
eiq·rgq(z)(aq − a†−q), (10)
where S and Lcav. is the surface area and length of the
cavity, repsectively, and gq(z) is the mode profile normal-
ized as ∫ ∞
−∞
g2q(z)dz = Lcav.. (11)
These are the only modes than can propagate in 2D het-
erostructures. Still neglecting magnetic interactions, the
light-matter interaction in Eq. (7) leads to an interaction
Hamiltonian having the form
Hˆint =
∫
d3r
1
ε0εr
(
−Dˆ · Pˆmat + 1
2
Pˆ
2
mat
)
, (12)
where the sum in Eq. (7) runs over the intersubband
transitions and the lattice contributions Pˆmat = Pˆe+PˆL,
respectively.
The formalism developed so far does not take into ac-
count any dissipative couplings for the phonons, elec-
trons, or photons. In the first part of this paper, we will
completely neglect these coupling terms. Later, when we
calculate the polariton gain, however, we need to include
the phonon and photon decays via an effective decay rate
into acoustic phonons and cavity losses, respectively. For
the ISB system, dissipation due to optical and acoustic
phonons, as well as elastic scattering with ion impurities,
alloy disorder, and interface roughness, can be included
in the transport calculations providing the self-consistent
populations of the ISB levels undergoing stimulated po-
lariton emission.
Since we are interested in a situation where the elec-
tronic system provides optical gain but will remain in the
weak coupling with radiation, we split the Hamiltonian
Hˆ = Hˆrad + HˆL +
∫
d3r
1
ε0εr
(
−Dˆ · PˆL + 1
2
Pˆ
2
L
)
︸ ︷︷ ︸
Diagonalize HˆP
+
∫
d3r
1
ε0εr
(
−Dˆ · Pˆe + 1
2
PˆL · Pˆe
)
︸ ︷︷ ︸
Perturbation
+
∫
d3r
1
ε0εr
1
2
Pˆ
2
e︸ ︷︷ ︸
Neglect
+Hˆe (13)
into three parts. The first part HˆP contains the lattice-
radiation coupling and will lead to our polaritonic ba-
sis after diagonalization. Amplification or attenuation of
these polaritons through their interaction with the inter-
subband system will be computed using Fermi’s golden
rule applied to the second part of Hˆ. Finally, as we are
dealing with a low electron population, we can safely ne-
glect the intersubband polarization self-energy, which ac-
counts for the depolarization shift.
IV. ELECTRON POLARIZATION
The electronic subband states n are defined by their
energies En(k) = En +
~
2k2
2m∗ and their wavefunctions
〈r, z|n,k〉 = 1√
S
eik·rχn(z), where S is the sample area,
m∗ is the carrier effective mass, k and r = (x, y) are the
in-plane wavevector and the in-plane coordinate respec-
tively. Starting from the initial level |i,k〉 (where the
carriers are either residing or electrically injected), each
possible ISB transition |i,k〉 → |n,k′〉 is labeled by the
index j and occurs at a frequency ωj = ωi − ωn. The
intersubband polarization is15
Pˆe(r) =
~e
2Sm∗
∑
j,q
√
∆Njξj(z)
ωj
eiqr
[
b†j,−q + bj,q
]
,
(14)
where e = −|e| is the electron charge, ∆Nj = Ni−Nn is
the population inversion, and is expressed as a function
of the bright mode creation operators (assuming that the
transitions are vertical in the k-space (k ≈ k′))
b†j,q =
1√
∆Nj
∑
k
c†n,kci,k ≡ b†j . (15)
Here, c†n,k and ci,k are the creation and anihilation op-
erators for the one-electron ISB states |n,k〉. The mi-
crocurrents for the transition between state are defined
from the wavefunctions as
ξj(z) = χi(z)∂zχn(z)− χn(z)∂zχi(z). (16)
In this formalism, the electron Hamiltonian is expressed
as
Hˆe =
∑
j
b†jbj~ωj . (17)
V. PHONON POLARIZATION
The only lattice vibrations interacting with a light field
are the transverse optical (TO) phonons, which are as-
sumed to be dispersionless and have a mechanical fre-
quency ωTO. We will assume that the vibrations are
localized in layers in the x-y plane, with z-coordinate zi.
The phonon polarization (see Appendix A)
PˆL,z(R) =
~e
2SM
∑
q,i
ξL,i(z)
ωTO
eiq·r(d†i,−q + di,q). (18)
is similar to the electronic one, with M being the vi-
brational mass and d†i,−q creating a TO phonon with in-
plane momentum −q. The phonon micro current is (see
the appendix)
ξL,i =
√
2
π
1
σ2
e−(z−zi)
2/σ2 (19)
4and σ is related to the standard deviation from the equi-
librium position zi. These phonons are represented glob-
ally by the Hamiltonian
HˆL =
∑
qi
~ωTOd
†
qidqi, (20)
provided the phonon plasma frequency is
ω2P,i =
~e2
∫
ξ2L,i(z)dz
2SM2ǫ0ǫrωTO
. (21)
The operator d†i,q can be thought of as creating a phonon
excitation confined in one monolayer, traveling with mo-
mentum q inside this layer. The polarization operator
(18) depends on the density of oscillators via the plasma
frequency, which fixes the oscillator ”mass” M . The in-
dex i can either represents physical atomic layers, or spa-
tially separated thin layers of the bulk material (so thin
that the lattice ions oscillate in phase and the phonon mi-
cro current can be represented by a gaussian function).
VI. HAMILTONIAN OF THE
PHONON-POLARITON
The diagonalization of HˆP in thermal equilibrium, as-
suming all the carriers are in the ground state, yields po-
laritons that combine lattice and electronic excitations,1
and have been observed experimentally.22 In this section,
we will diagonalize HˆP in two steps and find the polariton
eigenstates. First, we will incorporate the phonon polar-
ization self-energy 12ε0εr Pˆ
2
L into the bare phonon Hamil-
tonian HˆL, which will lead to an energy renormalization
similar to the depolarization shift of the intersubband
system. The following calculation will be significantly
lightened by neglecting the terms of P2L mixing ξP,i with
different layer indices i, as motivated in Appendix A.
Thus, we diagonalize
Hˆ′L ≡ HˆL +
∫
d3r
1
2ε0ǫr
Pˆ
2
L = ~ωTO
∑
iq
d†i,qdi,q +∑
iq
~Θi(d
†
i,q + di,−q)(d
†
i,−q + di,q), (22)
where
Θi =
e2~
8SM2ε0ǫrω2TO
∫
ξ2L,i(z)dz, (23)
(here, we assumed that the background dielectric con-
stant does not vary on the scale of the phonon layers),
with the new operators
pi,q =
ω′i − ωTO
2
√
ω′iωTO
d†i,−q +
ω′i + ωTO
2
√
ω′iωTO
di,q. (24)
The eigenvalue is (ω′i)
2 = (ωTO)
2 + 4ωTOΘi, and inter-
preting this as the longitudinal optical (LO) phonon fre-
quency, we deduce the plasma frequency ω2P,i = 4ωTOΘi.
Expressing HˆP in second quantization format now leads
to the expression
HˆP =
∑
q
~ωcav,q
(
a†qaq +
1
2
)
+
∑
q,i
~ω′ip
†
i,qpi,q
+ i
∑
q,i
~Λi,q
(
a†q − a−q
) (
p†i,−q + pi,q
)
(25)
with
Λi,q =
ωP,i
2
√
ωopt,q
ω′i
fP,i, (26)
where
fL,i =

 ∫ gq(z)ξL,i(z)dz√
Lcav.
∫
ξ2L,i(z)dz

2 . (27)
The factor fL,i measures the filling of the cavity by the
mechanical oscillators and is equal 1 for the bulk mate-
rial.
Proceeding with the second step of the diagonalization
of HˆP , the Hamiltonian (25) can be exactly diagonalized
through a Bogoliubov transformation and by the intro-
duction of the polariton operator Πq = xqaq + yqa
†
−q +
zqpq + tqp
†
−q. The two real solutions ωq,± of the eigen-
value equation [Πq , HˆP] = ~ωqΠq are the frequencies of
the two polaritonic branches and are readily obtained by
ωq,± =
1√
2
√
ω′2 + ω2opt,q ±
√
∆ (28)
∆ = ω′4 + 4ω2cω
2
opt,q − 2ω′2ω2opt,q + ω4opt,q (29)
with ω2c = fpω
2
P. The two polaritonic branches have the
asymptotes ωq→0,+ =
√
ω2TO + ω
2
P ≡ ω′ and ωq→∞,− =√
ω2TO + ω
2
P (1 − fP ) ≡ ω′′. Additionally, the diago-
nalization of (25) in the polaritonic basis allows to de-
termine the mixing fractions of the phonon-polariton,
namely its photonic (hl,q = |xq |2 − |yq|2) and phononic
(hp,q = |zq|2−|tq|2) fractions. For instance, in the upper
branch (ωq = ωq,+), we have the fractions
h+l,q =
ω2q,+ − ω2TO
ω2q,+ − ω2q,−
, h+p,q = 1− h+l,q. (30)
In the lower branch, the mixing fractions are simply
obtained by h−l,q = 1 − h+l,q. While the limits when
ωq,+ → ω′ and ωq,+ → ωTO correspond to mostly
phonon states, in the vicinity of the anti-crossing the
mixing fractions reach a value of 0.5, indicating a maxi-
mum phonon-photon admixture. A suitable design of the
active region enables to achieve a lasing emission at fre-
quencies close to this maximum adxmiture point, where
a non-vanishing phononic gain is therefore expected.
If the filling factor fL is small (as e. g. for a thin-layer
structure such at those in Figs. 2 and 4) the equivalent
5Rabi frequency at resonance ΛR = ωP
√
fL/2 becomes
small compared to the bare cavity and TO phonon fre-
quencies. In this regime of weakly coupled oscillators
(ΛR/ωTO ≪ 1), the mixing fractions can be approxi-
mated by hl ≈ |xq|2 and hp ≈ |zq|2 as well as the polari-
ton operator Πq ≈ xqaq + zqpq = Πl,q +Πp,q.12
VII. POLARITON-ISB INTERACTION
The second step of our approach consists of describ-
ing the interaction between the phonon-polariton and the
ISB transitions. We express the full quantum Hamilto-
nian that describes the phonon-polariton-ISB system as
follows
Hˆp−ISB =
∑
q
~ωq,pΠ
†
qΠq +
∑
j
~ωjb
†
jbj
+ i
∑
q,j
~Ωj,q
(
a−q − a†q
) (
b†j + bj
)
+
∑
q,j
~Ξj,q
(
pq + p
†
−q
)(
b†j + bj
)
. (31)
The first term in Eq. (31) is the polaritonic part of the
Hamiltonian with the approximate polariton operator Πq
already defined above, in either the upper or lower po-
lariton branch. The second term contains the ISB part.
Similarly to Eq. (26), the two last terms in (31) are the
interaction components with respective coupling frequen-
cies
Ωj,q =
ωPj
2
√
ωopt,q
ωj
∫
fq(z)ξj(z)dz√
Lper
∫
ξ2j (z)dz
, (32)
Ξj,q =
ωPjωP
4
√
ω′ωj
∫
ξL(z)ξj(z)dz√∫
ξ2j (z)dz
∫
ξ2L(z)dz
(33)
where ωPj is the ISB plasma frequency proportional to
the injected carrier density15.
Since the phonon-polariton mode and the ISB tran-
sitions are in the weak coupling regime, Fermi’s golden
rule can be applied to compute the emission rate, i.e.,
the gain cross section of the phonon-polariton-ISB sys-
tem. In a cavity containing Nq phonon-polaritons, we
consider all the transitions |ul,Nq〉 → |n,Nq + 1〉 with
an electron initally in the upper laser state (ul) and fi-
nally in a lower energy level n, that lead to the emission
of a phonon-polariton and we calculate the total emis-
sion rate. By Fermi’s golden rule, then the emission rate
becomes
g(ωq) =
2π
~
∑
j
∣∣∣〈n,Nq + 1|[i~Ωj,q (a−q − a†q) (b†j − bj)+ ~Ξj,q (pq + p†−q)(b†j − bj) ]|ul,Nq〉∣∣∣2δ(ω − ωj). (34)
Retaining only the terms in (34) that describe an emis-
sion process (the ones that are proportional to a†qbj and
p†qbj), we find the expression of the total gain cross sec-
tion
g(ωq) = 2π~(Nq + 1)
∑
j
∣∣z∗qΞj,q − ix∗qΩj,q∣∣2 δ(ωj − ωq)
= 2π~(Nq + 1)
∑
j
∣∣|zq|Ξj,q + |xq |Ωj,q∣∣2δ(ωj − ωq)
as shown in Appendix B. Here special care needs to be
taken to the phase between xq and zq, since this is evi-
dently crucial to the role of the mixed terms in Eq. (35).
If we write xq = |xq|eiϕ, then zq = |zq|ei(ϕ+pi/2) leading
to the second line of Eq. (35). Thus, the mixed terms
contribute constructively to the emission rate, if the cou-
plings Ωj,q and Ξj,q have the same sign. The δ function
can be replaced by a Lorentzian function of characteristic
width γ: δ(ωj − ωq)→ γ/pi(ωj−ωq)2+γ2 .
Along the same lines, the optical losses of the device
can be estimated from the respective photon (τcav) and
phonon (τp) lifetimes in the cavity. Accounting again for
the mixed nature of the polariton, the loss rate is written
as
α(ωq) =
hl(q)
τcav
+
hp(q)
τp
. (35)
where, from experimental studies values of phonon life-
times, τp of 3.5 ps at 300 K and 7.8 ps at 77 K were
determined28 and τcav can be readily estimated from the
cavity losses.
In the following section we will employ the developed
theory to compute the phonon-polariton dispersion and
gain in experimentally realizable 2D systems.
VIII. COMPUTATIONAL EXAMPLES
A. InGaAs-based resonant tunnelling diode
As a first example, we consider a resonant tunnelling
diode (RTD) structure. The benefit of such a structure
for emission in the THz region, is that it can be heav-
ily doped and thus have a large inversion, in addition to
easily tuneable emission frequency by changing the layer
widths. In addition, the simple layer structure provides
an excellent starting point for a theoretical analysis of
polariton gain in heterostructure. However, such devices
typically have population inversion in regions of negative
differential conductance (NDC), and can thus not oper-
ate in a serial configuration. In addition, in the structure
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FIG. 2. (Color online) Transport scheme of a phonon-
polariton resonant tunnelling diode (RTD). The red oscilla-
tors represent the confining barrier of the TO phonon modes
which at the same time serves as the tunnelling barrier.
The electronic wavefunctions of the upper and the lower las-
ing states are plotted thick yellow and green lines, respec-
tively, and overlap the TO phonon modes such that an addi-
tional gain arising from the TO phonon-ISB transition cou-
pling is expected. Under the lasing bias, the energy spac-
ing between the two lasing states is resonant with the TO
phonon energy. The layer sequence of the structure in A˚ is
250/100/12/120/12/50/5000, where bold face denotes Al-
GaSb barriers, italic face denotes the AlInAs barrier, and the
underlined layers are doped to 2 · 1016 cm−3.
shown in Fig. 2, a four mono-layer thick InAlAs barrier
serves as both the injection barrier of the RTD, giving
rise to inversion between the level indicated by a thick
yellow line and the two semi-bound states of the subse-
quent quantum well, as well as the confining layer for the
AlAs phonons. In the following computations, we treat
the four mono-layers as one effective layer with σ = 0.48
nm and ωP = 17 meV. The computed optical loss for
this structure is ∼ 410 cm−1with a Au/Au double-metal
waveguide. In comparison, we calculate a maximum opti-
cal gain of ∼ 800 cm−1, using a non-equilibrium Green’s
function model.29
From Eq. (28), we compute the phonon-polariton dis-
persion which is shown in Fig. 3 a). Due to the small
filling factor fL = 1.67 · 10−2, this structure exhibits a
much smaller polaritonic gap than the one of bulk AlAs.
Fig. 3 b) shows the contributions to the gain rate of
Eq. (35) from the photon, phonon, and mixed parts, as
functions of the energy in the upper polariton branch.
For low energies, close to the polariton gap, the phonon
fraction is maximal and decreases rapidly with increasing
ωq. Reversely, the photonic gain vanishes when ω → ω′,
but dominates at high frequencies as the photon fraction
increases. Due to the small filling factor, the coupling ra-
tio Ξq/Ωq ≪ 1 and the total gain is mostly dominated by
the photonic gain. However, a maximum non-photonic
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FIG. 3. (Color online) a) Calculated dispersion of light ωq±
for the phonon-polariton RTD in Fig. 2. The polaritonic
phonon (hp) and photon (hl) mixing fractions of as func-
tions of the energy in the upper branch, are also shown with
thin lines. The dashed line shows the bare cavity mode with
ω = ck√
ǫr
. b) Gain fraction of the different gain components
arising from the photon (green), phonon (blue) and mixed
terms (orange) in (35). The right axis shows the ratio of the
gain to the losses in the UP branch.
gain of 20% is already achieved at the frequency where
gain overcomes the losses, despite a phonon extension of
only a few monolayers. Figure 3 b) also shows the ratio
g/α as a function of the energy in the UP branch. For
the bias considered here, the bare optical gain is peaked
at a frequency of ~ω = 48.05 meV. The loss rate being
energy-dependent through the mixing fractions, dividing
the gain by the losses shifts its maximum by 0.1 meV,
which corresponds to the lasing energy of the device.
While the phonon gain fraction at this energy is only
1.2 · 10−4, the non-photonic contribution to the gain is
still 2% of the total gain. In addition, this structure has
relatively low optical losses, and the contribution of the
phonon part of the polariton is expected to be more im-
portant for structures where the optical losses are higher.
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FIG. 4. (Color online) Band structure and eigenstates of
the proposed phonon-polariton QCL for an applied elec-
tric field of 18 kV/cm. The marked AlInAs barrier hosts
the polaritons and overlaps the gain transition, from the
upper laser state (ul) to the lower laser state (ll). The
electrons are depopulated from the ll into the ul of the
next period via cascading down the potential wells through
coherent tunnelling, as well as incoherent transport. The
layer sequence in A˚ is, starting from the rightmost barrier,
48/54/3/86/7.5/82/7.5/81/8.5/71/11.2/61/16/64/30/72,
where bold face denotes GaAsSb barriers, italic font denotes
the InAlAs barrier, and the underlined well is doped to
4.1 · 1017 cm−3.
B. InGaAs-based quantum cascade laser
Our second example is a quantum cascade laser30
(QCL) where the TO phonons are provided by a bar-
rier close to the inverted ISB transition. In contrast to
RTDs, QCLs are reliable sources of coherent radiation
in the THz frequency region, with a well proven growth
and fabrication technique. In addition, operating at a
bias of positive differential resistance, one QCL period
can be repeated hundreds of times in a several µm thick
structure, potentially allowing significantly more optical
power to be extracted than from a single period RTD
structure.
In the structure in Fig. 4, a monolayer-thick AlInAs
barrier plays the role of the phonon barrier in a In-
GaAs/GaAsSb active region31. This barrier is placed
where the the inverted subbands ul and ll have significant
overlap, thus emitting phonon-polaritons via stimulated
emission. In this bound-to-continuum design, the carri-
ers are extracted from ll in a cascade ending on the black
state of lowest energy in Fig. 4, where it is subsequently
injected in to the ul state of the next period of the QCL.
For this structure, the electron transport is calculated in
a density matrix approach.32
The calculated dispersion and mixing fractions are
shown in Fig. 5 a). In this structure, fL = 4.3 · 10−3 is
even smaller than for the RTD. However the design fre-
quency is adjusted to be close to the maximum splitting
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FIG. 5. (Color online) a) Dispersion relation of the proposed
phonon-polariton QCL, where the design frequency belongs
to the upper branch, as well as phonon and phonon hop field
coefficients (thin lines). The dashed line shows the bare cav-
ity mode with ω = ck√
ǫr
. b) Gain fraction of the different
gain components arising from the photonic part (green), the
phononic part (blue) and the mixed terms (orange) in (35).
The right axis shows the ratio of the gain to the losses of the
UP polariton mode.
between the branches, where the fraction of the phonon
to photon Hopfield coefficitent is close to 50%. For this
and slightly higher frequencies, the design has a phonon
fraction of about 3 ·10−4 of the total gain, while the total
non-photonic gain accounts for ∼ 3%, as seen in Fig. 5
b). In this figure we also show the ratio of the calculated
gain to the losses from Eq. (35), and we find the max-
imum value at an energy slightly blue shifted from the
design frequency. The second, lower, peak at 62 meV,
arises due to emission to a lower electronic state which
has less overlap with the upper laser level.
Despite the fact that the gain of these devices remains
mainly dominated by the standard dipole coupling, there
is room for increasing the phononic contribution. An op-
timized design with a suitable location and thickness of
8the phonon layer could lead to larger overlaps between
the phonon and ISB microcurrents. The choice of a mate-
rial with a larger polariton gap (with larger ωP ), such as
ZnO/ZnMgO or GaN/AlN, could dramatically increase
the phonon part of the gain. In particular for structures
with large optical losses compared to optical gain, the
phonon contribution to the polaritonic gain can then in-
crease the stimulated emission rate and thereby the con-
version efficiency of electrical power into power radiated
in the electric field.
IX. CONCLUSION
In conclusion, we have developed a quantum approach
for the description of gain in phonon-polariton lasers.
Compared to an effective dielectric model,33 this formal-
ism is more appropriate for the description of confined
modes in thin layers and has the advantage to provide
a complete physical insight of the system, especially by
directly giving the phonon and photon fractions of the
lasing modes that are the key parameters for the gain
computation. Our model can be applied to a wide va-
riety of designs and material systems, offering a wide
set of possibilities for the optimization of future phonon-
polariton QCLs. As a demonstration of the flexibility of
the model, we have proposed and simulated resonant tun-
nelling diodes and quantum cascade lasers made from the
conventional InGaAs/InAlAs/InGaSb material system,
as well as the less explored ZnO material system. While
the former two structures show a small non-photonic con-
tribution to the gain of ∼ 10 %, this number can be in-
creased by employing more phonon material to increase
the filling factor, or using other material systems with
larger phonon plasma frequency, such as ZnO/ZnMgO
or GaN/AlN.
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Appendix A: Phonon polarization in second
quantization
For modelling the lattice vibrations in thin layers
at z = zi, we expand the collective lattice vibrations
in the basis of vibrational harmonic oscillator modes
Ψα,ij(R) = ψα,ij(z)χα,ij(r), where j labels the in-plane
coordinate and α is the harmonic oscillator excitation:
Ψˆ† =
1√
S
∑
α,ij
d†α,ijψα,i,j(z)χα,i,j(r), (A1)
where S is the sample area and d†α,ij the creation operator
for a lattice vibration excitation. Due to the rotational
symmetrty in the x-y plane, we write the total wave func-
tion Ψ(R) as a product between the harmonic oscillator
wave function ψα(z), and the in-plane (periodic) wave
function χα,j(r). As in Ref. 15, the polarization is found
via its relation to the current density operator
Jˆz(R) =
1
i~
[PˆL,z,H], (A2)
defined by
Jˆz(R) =
i~e
2M
(
Ψˆ†
∂
∂z
Ψˆ− ( ∂
∂z
Ψˆ†)Ψˆ
)
(A3)
=
i~e
2SM
∑
αβ
∑
ii′,jj′
ξii
′
αβ(z)χ
∗
αjχβj′d
†
α,ijdβ,i′j′ ,
where M is parametrising the inertia of the ions. Here,
the phonon micro current is defined as
ξii
′
αβ(z) = φα,i(z)
∂
∂z
φ∗β,i′(z)− φ∗β,i′(z)
∂
∂z
φα,i(z). (A4)
The only allowed transitions of the harmonic oscillators
are those with |α− β| = 1, and we will consider only the
lowest excitation with (α, β) ∈ {0, 1}. Then, the current
density operator becomes
Jˆz(R) =
i~e
2SM
∑
i,jj′
ξii10(z)× (A5)
× (χ∗1,ijχ0,ij′d†1,ijd0,ij′ − χ1,ij′χ∗0,ijd0,ijd†1,ij′ ).
Here, we neglected the mixing of different layers i 6= i′,
which will give a very small contribution if the layers are
separated by a few standard deviations σ. The terms
in the bracket are periodic in the plane with period
ax/y =
2pi
qx/y
, since we are interested in solutions where
the polarization is a travelling wave with momentum q,
and the first term is Fourier expanded to (the second
term is just the complex conjugate of the first one)∑
jj′
χ∗1,ijχ0,ij′d
†
1,ijd0,ij′ ≡
∑
q
d†i,qe
−iqr. (A6)
Thus, the current density becomes
Jˆz(R) =
i~e
2SM
∑
i,q
ξL(z)e
iqr(d†i,−q − di,q), (A7)
where ξL(z) ≡ ξii10(z). Using the commutation relations
[d†iq, Hˆ] = −~ωTOd†iq and [diq , Hˆ] = +~ωTOdiq together
with Eq. (A2), we find the polarization density operator
of Eq. (18).
The similar form of the phonon polarization to the
electronic one, prompts us to write the Hamiltonian for
the TO phonon as
HL =
∑
iq
~ωTOd
†
i,qdi,q. (A8)
9Inserting Eq. (18) in place of the classical polarization in
the classical Hamiltonian (the last line of Eq. (7)) gives
HL =
∫
d3r
1
2χL
(ω2TOP
2
L + P˙
2
L) (A9)
=
1
2χL
~
2e2
SM2
∫
ξ2L(z)dz
∑
iq
d†i,qdi,q (A10)
(apart from the constant vacuum energy shift which is
irrelevant here). This is equal to Eq. (A8) if we iden-
tify the phonon plasma frequency ω2P = χL/ǫ0ǫr as in
Eq. (21).
Appendix B: Phonon-polariton eigenstates
In order to compute the polariton scattering rates, we
need to express the polariton states in terms it’s phonon
and photon constituents. The polariton states can be cal-
culated by repeated application of the polariton creation
operator Π†q on the vacuum state |0〉 as
|Nq〉 = CNq (Π†q)Nq |0〉, (B1)
with a normalization constant CNq , to be determined.
From now on we suppress the index q for ease of nota-
tion. Eq. (B1) can be rewritten by noting that (Π†)N =
(x∗a† + z∗p†)N and using the binomial formula as
|N〉 = CN
N∑
k=0
N !
k!(N − k)! (x
∗)k(z∗)N−k(a†)k(p†)N−k|0〉
= CN
N∑
k=0
N !√
k!(N − k)! (x
∗)k(z∗)N−k|k,N − k〉(B2)
where |n,m〉 ≡ |n〉phot ⊗ |m〉phon span the Hilbert space
of the phonon-polariton. Here, we used the approxima-
tion of small coupling strength ΛR/ωTO ≪ 1. However,
the resulting |N〉 will be the same also without this ap-
proximation, since terms like a−qa†q|0〉 = 0. The normal-
ization constant is found by solving
1 = 〈N |N〉 = (B3)
|CN |2
∑N
k,k′
N !N !xk
′
(x∗)kzN−k
′
(z∗)N−k√
k!(N−k)!
√
k′!(N−k′)! 〈k
′, N − k′|k,N − k〉.
The bra-ket gives δkk′ , and again using the binomial for-
mula, we find
|CN |2
∑
k
N !N !
k!(N − k)! |x|
2k|z|2N−2k = |CN |2N !(|x|2+|z|2)N .
(B4)
By definition, |x|2 + |z|2 = 1, and we readily find that
CN = 1/
√
N !, and
|N〉 =
N∑
k=0
√
N !
k!(N − k)! (x
∗)k(z∗)N−k|k,N − k〉. (B5)
We can easily check that the number operator gives the
correct result by using [a, (a†)N ] = N(a†)N−1:
Π†Π|N〉 = Π†Π(Π†)NCN |0〉
= Π†N(Π†)N−1CN |0〉 = N |N〉. (B6)
Now lets calculate the emission rate Γem. For this, we
need to compute terms with
〈N + 1|a†|N〉 =
N∑
k=0
(x∗)2k+1(z∗)2N−2k
k!(n− k)!
√
N !(N + 1)!
≡ x∗√N + 1
N∑
k=0
C2k,N (B7)
where we defined |N〉 ≡ ∑k Ck,N |k,N − k〉. Similarly,
we find that
〈N + 1|p†|N〉 = z∗
√
N + 1
N∑
k=0
C2k,N . (B8)
The normalization of |N〉 means that ∑Nk=0 C2k,N = 1
and so
〈N + 1|a†|N〉 = 〈N + 1|Π
†
l |N〉
x∗
= x∗
√
N + 1 (B9)
〈N + 1|p†|N〉 = 〈N + 1|Π
†
p|N〉
z∗
= z∗
√
N + 1 (B10)
Eqs. (B9-B10) inserted in Eq. (34) give the emission rate
in Eq. (35).
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